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Abstract
Let S be a subset of n points on a compact connected oriented surface M of genus g, and let G be
a compact semisimple Lie group. The space of isomorphism classes of flat G-connections on P := M \ S
with fixed conjugacy class of monodromy around each point of S will be denoted byR. It is known thatR
has a natural symplectic structure. We relate R with the space of geodesic (4g + n)-gons in G. A natural
2-form on the space of geodesic (4g+n)-gons is constructed using the Killing form on Lie(G). We establish
an identity between the symplectic form onR and this 2-form on geodesic (4g + n)-gons in G.
© 2011 Elsevier Masson SAS. All rights reserved.
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1. introduction
Let M be a compact connected oriented surface of genus g. Fix a finite subset
S := {s1, s2, . . . , sn} ⊂ M.
The complement M \S will be denoted by P . Fix a compact connected semisimple Lie group G.
By a conjugacy class in G we will mean an orbit for the adjoint action of G on itself. For each
point si ∈ S, fix a conjugacy class Csi ⊂ G. The adjoint action of G on itself produces an action
of G on the space of homomorphisms from π1(P ) to G. Let
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be the subspace consisting of all homomorphisms ρ such that ρ takes the oriented loop around
si into Csi for every i. This R has a natural symplectic structure (see [3–6,1]).
Let B be the Killing form on g := Lie(G). A Riemannian metric on G is constructed by taking
G-translations of B . A geodesic N -gon in G is a continuous mapping
τ : [1,N ] −→ G
such that τ(0) = τ(N) = e and for each integer 1 i  N , the restriction of τ to [i − 1, i] is a
geodesic in G. Let D(N) denote the space of all geodesic N -gons in G. There is a natural C∞
two-form on D(N) defined by the trilinear form (a, b, c) −→ B(a, [b, c]) on g. This two-form
on D(N) will be denoted by θ .
Our aim here is to establish a relationship between this two-form θ on D(4g + n) and the
symplectic form on R. This was done earlier in [2] for the special of g = 0. We recall this result
of [2].
Take M = S2. Let Ω˜0 be the symplectic form on R. For each i ∈ n, fix a conjugacy class
C˜si ⊂ g for the adjoint action of G on g. Assume that exp(C˜si ) = Csi , where exp : g −→ G is the
exponential map.
Let A˜ be the space of all maps f from S to g such that f (si) ∈ C˜si and
n∏
j=1
expf (sj ) = e,
where e ∈ G is the identity element. The group G acts on A˜ through conjugation. Let
ψ˜ : A˜ −→ Â := A˜/G
be the quotient map for the action of G. We have a natural map
H˜ : Â −→R
constructed using the exponential map from g to G.
Let
φ˜ : A˜ −→ D(n)
be the map that sends any f ∈ A˜ to the geodesic n-gon on G whose i-th edge is
t −→ expf (s1) expf (s2) · · · exp tf (si), t ∈ [0,1].
In Theorem 1.1 of [2] it was shown that the two-form φ˜∗θ on A˜ coincides with the pullback,
by the map H˜ ◦ ψ˜ , of the symplectic form on R.
In Theorem 2.1, the above theorem of [2] is generalized to surfaces of arbitrary genus.
2. Symplectic form and geodesic polygons
Let M be a compact connected oriented surface of genus g. We fix n points S := {s1, s2,
. . . , sn} of M . Let P := M \S be the punctured surface. Fix a base point p ∈ P . The fundamental
group π = π1(P,p) is generated by 2g + n elements
Γ := {aj , bj ,mi | 1 j  g, 1 i  n}
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g∏
i=1
ajbja
−1
j b
−1
j
)
n∏
j=1
mi = 1.
Let G be a connected compact semisimple Lie group; its Lie algebra will be denoted by g.
Fix a conjugacy class C˜si ⊂ g for each i ∈ [1, n]. Let A be the space of all maps
f : Γ −→ g
such that
f (mi) ∈ C˜si , f
(
a−1j
)= −f (aj ), f (b−1j )= −f (bj ), (2.1)
and the following condition holds:
g∏
i=1
exp
(
f (ai)
)
exp
(
f (bi)
)
exp
(−f (ai)) exp(−f (bi)) n∏
j=1
exp
(
f (mj )
)= e. (2.2)
We will construct an action of G on A. For any h ∈ G and f ∈ A, define
(h ◦ f )(aj ) := Adh
(
f (aj )
)
, (h ◦ f )(bj ) := Adh
(
f (bj )
)
,
(h ◦ f )(mi) := Adh
(
f (mi)
)
.
Note that the condition in (2.2) is preserved by this action of G. Thus writing explicitly,
g∏
i=1
exp
(
(h ◦ f )(ai)
)
exp
(
(h ◦ f )(bi)
)
exp
(−(h ◦ f )(ai))
× exp(−(h ◦ f )(bi)) n∏
j=1
exp(h ◦ f )(mj ) = e.
This produces an action of G on A where any h ∈ G acts as f −→ h ◦ f . Define the quotient
space for this action of G on A
W := A
G
and the quotient map
ψ : A −→ W. (2.3)
For any given f ∈ A, by sending each aj , bj ,mi ∈ Γ to exp(f (aj )), exp(f (bj )), exp(f (mi))
respectively, we obtain a homomorphism from Γ to G. Define
R := {ρ ∈ Hom(Γ,G) | ρ(mi) ∈ Csi }
G
⊂ Hom(Γ,G)
G
,
where Csi = exp(C˜si ). Let
H : W −→R (2.4)
be the map defined by
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(
f (aj )
)
, H(f )(bj ) := exp
(
f (bj )
)
,
H(f )(mi) := exp
(
f (mi)
) ∈ Csi ,
where f ∈ W .
Let B be the G-invariant symmetric bilinear 2-form on g defined by the Killing form. Let
E −→ P be a flat principal G-bundle. Let
ι : P ↪→ M
be the inclusion map. The G-invariant bilinear form B induces a bilinear form on the ad-
joint vector bundle ad(E) of E. The connection on E induces a connection on ad(E). Let
Σ(ad(E)) denote the sheaf of locally defined flat sections of ad(E). Define the direct image
ι∗Σ(ad(E)) −→ M .
Let ω be the space of all flat connections on E. The space R is the space of all isomorphism
classes of (E,∇), where ∇ ∈ ω satisfying the condition that for any si ∈ S and any loop ci
around si ,
exp
∫
ci
∇ ∈ Csi
(Csi is the fixed conjugacy class associated to si ). The tangent space at any ρ ∈R is given by
TρR= H 1
(
M, ι∗Σ
(
ad(E)
))
(see [3]). Hence
TρR⊗ TρR= H 1
(
M, ι∗Σ
(
ad(E)
))⊗ H 1(M, ι∗Σ(ad(E)))−→ H 2(M, ι∗Σ(ad(E)))
⊗ ι∗Σ
(
ad(E)
)
.
As B is G-invariant, we have a bilinear pairing
B˜ : ι∗Σ
(
ad(E)
)⊗ ι∗Σ(ad(E))−→R,
and hence
H 2
(
M, ι∗Σ
(
ad(E)
)⊗ ι∗Σ(ad(E))) B˜∗−→ H 2(M,R) =R.
The natural symplectic form Ω0 on R is given by the homomorphism
TρR⊗ TρR−→R
obtained by combining the above two homomorphisms [3,1]. We define the form
Ω := H ∗Ω0
on W , where H is constructed in (2.4).
Next we describe the tangent space of A. Let us define for any aj , bj or mi , and f ∈ A,
g
(
f (aj )
) := [f (aj ),g]⊂ g, g(f (bj )) := [f (bj ),g]⊂ g,
g
(
f (mi)
) := [f (mi),g]⊂ g,
where 1 j  g and 1 i  n. Let Vf be the space of all functions v : Γ −→ g satisfying the
following conditions:
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(2) v(bj ) ∈ g(f (bj )),
(3) v(mi) ∈ g(f (mi)),
(4) ∑4g+nμ=1 Adfμ(v(αμ)) = 0,
where fμ is defined as follows:
f1 = expf (a1),
f2 = expf (a1) expf (b1),
f3 = expf (a1) expf (b1) exp
(−f (a1)),
f4 = expf (a1) expf (b1) exp
(−f (a1)) exp(−f (b1)),
...
f4g =
g∏
j=1
expf (aj ) expf (bj ) exp
(−f (aj )) exp(−f (bj )),
f4g+k = f4g
n∏
i=1
expf (mi), 1 k  n, (2.5)
and α1 = a1, α2 = b1, α3 = a−11 , α4 = b−11 , α5 = a2, . . . , α4g = b−1g , α4g+i = mi , 1 i  n.
Proposition 2.1. The tangent space Tf A is identified with Vf defined above.
Proof. As g is a Lie algebra, the conditions (1) and (2) are obtained. Also from (2.1) we know
that f (mi) is in the conjugacy class Csi , hence under the Lie bracket it remains in Csi ; so (2.1)
leads to condition (3). On the other hand, (2.2) is preserved under the adjoint action, hence (2.2)
leads to the condition (4). Consequently, Vf gets identified with Tf A. 
In view of Proposition 2.1, we have the following identity (see [1, (3.5)] and [1, Theorem 1]):
Proposition 2.2.
n+4g∑
1
B
(
f (αμ),
[
v(αμ),w(αμ)
])= (ψ∗H ∗Ω0)(v,w), (2.6)
where α1 = a1, α2 = b1, α3 = a−11 , α4 = b−11 , α5 = a2, . . . , α4g+i = mi , 1  i  n, Ω0 is the
canonical symplectic form on R and v,w ∈ Vf .
For g = 0, this was proved in [2, Proposition 2.2].
Let us construct a (4g + n)-sided geodesic polygon from a given f ∈ W . Vertices of the
polygon are:
f1 = exp
(
f (a1)
)
,
f2 = exp
(
f (a1)
)
exp
(
f (b1)
)
,
f3 = exp
(
f (a1)
)
exp
(
f (b1)
)
exp
(−f (a1)),
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(
f (a1)
)
exp
(
f (b1)
)
exp
(−f (a1)) exp(−f (b1)),
...
f4g =
g∏
j=1
exp
(
f (aj )
)
exp
(
f (bj )
)
exp
(−f (aj )) exp(−f (bj )),
f4g+k = f4g
n∏
i=1
exp
(
f (mi)
)
, 1 k  n. (2.7)
So from (2.2) we have
f4g+n = e.
Following the construction of [2], we set f0 = e. For any 1 μ 4g + n, the edge that connects
the vertices fμ−1 and fμ will be denoted by lμμ−1. Each edge is the geodesic segment defined as
follows:
l10 : t −→ exp
(
tf (a1)
)
,
l21 : t −→ f1 exp
(
tf (b1)
)
,
l32 : t −→ f2 exp
(−tf (a1)),
l43 : t −→ f3 exp
(−tf (b1)),
l54 : t −→ f4 exp
(
tf (a2)
)
,
...
l
4g
4g−1 : t −→ f4g−1 exp
(−tf (bg)),
l
4g+k
4g+k−1 : t −→ f4g+k−1 exp
(
tf (mk)
)
, 1 k  n, (2.8)
where t ∈ [0,1].
Let us denote the space of all such geodesic N -gons by D(N). The polygon described above
in (2.7) and (2.8) is a geodesic (4g + n)-gon in G. So we have a map
φ : W −→ D(4g + n) (2.9)
that sends any f ∈ W to the polygon described in (2.8).
We recall the construction of the 2-form θ on D(N) (see [2]). Let θ0 is the trilinear form on g
given by
θ0 : g ⊗ g ⊗ g −→R; (a, b, c) −→ B
(
a, [b, c]). (2.10)
As B is G-invariant, we get a 3-form θ on G using translations(
g′.θ0
)= θ(g′), (2.11)
where g′ ∈ G. Let τ be a geodesic N -gon on G. A tangent vector v ∈ TτD(N) is given by
Jacobi fields along each lii−1, where l
i
i−1 is the edge (geodesic line segment) joining vertices
i − 1 and i. Take v,w ∈ TτD(N); let v and w be the corresponding sections of τ ∗T D(N).
Now τ ∗θ(v,w) gives a piece-wise smooth 1-form on [1,N]. Denoting integral of this 1-form on
[1,N ] by θ(v,w) ∈R, we have a 2-form θ on D(N), which is given by
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for any v,w ∈ TτD(N).
Let g′ ∈ G and α ∈ g. Consider the geodesic segment
l : [0,1] −→ G
defined by t −→ g′ exp(tα). For any β,γ ∈ g, let β and γ be the corresponding Jacobi field
along l. Contracting θ (constructed in (2.11)) by β and γ we obtain a 1-form on [0,1]. Denote
this 1-form by σ(β, γ ). We have
1∫
0
σ(β, γ ) = θ0(α,β, γ ) (2.13)
(see [2, Proposition 2.3]); so, from the definition of θ0 in (2.10),
1∫
0
σ(β, γ ) = B(α, [β,γ ]).
Let τ be a geodesic (4g + n)-gon as described in (2.8) and (2.7). For each edge lμμ−1, 1 μ
4g + n, we apply (2.13); from Proposition 2.2,
φ∗θ |lμμ−1 = ψ
∗H ∗Ω0|lμμ−1,
where φ is defined in (2.9). Thus we have proven:
Theorem 2.1. For a surface of genus g with n punctures, if the symplectic form on R is Ω0 and
φ,ψ,H and θ are defined as in (2.9), (2.3), (2.4) and (2.12) respectively, then
ψ∗H ∗Ω0 = φ∗θ.
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